Neutral pion photo-and electroproduction at threshold is analyzed in the framework of dispersion relations. For this purpose, we evaluate the real threshold amplitudes in terms of Born contributions and dispersion integrals determined by the imaginary parts of the MAID and SAID multipoles. The results show considerable cancellations between Born terms and resonance contributions. Good agreement with the data is found for photoproduction.
results obtained at Saclay [1] , the Mainz [2] and Saskatoon [3] groups established that a formerly believed low-energy theorem (LET) [4, 5] for S-wave photoproduction was at variance with nature. While the LET predicted a threshold S-wave multipole E 0 + = −2.4 · 10 −3 /m π , the experiment yielded E 0 + ≈ −1.3·10 −3 /m π . The discrepancy between the theorem and the experimental data was finally explained by Bernard et al. [6] who showed that loop corrections provided nonanalytical terms in the pion mass µ. The flaw of the low-energy theorem was therefore the assumption that the amplitudes would be an analytical function in the pion mass µ, which could be expanded in a Taylor series in the soft-pion limit. In the following years, these calculations were considerably refined by evaluating the S-wave amplitude E 0 + to order p 4 in the chiral expansion, and the 3 P-wave amplitudes (E 1 + , M 1 + , and M 1 − ) up to order p 3 . While there appear 3 low-energy constants to that order, two combinations of P-wave amplitudes were found to be independent of these constants. Further work has extended this approach to virtual photons [7] Using a different approach, a recent calculation obtained a good description of π 0 photo-and electroproduction in the threshold region within a meson-exchange dynamical model [8, 9] . It was found that the largest contributions to the final-state interaction came from one-loop charge-exchange rescattering. This approach lead to a to good description of the S-wave multipoles.
The large reduction of the S-wave threshold amplitude was independently obtained using fixed-t dispersion relations [10] . In this approach, the Born terms have to be evaluated at the nucleon pole where the pseudovector and the pseudoscalar pion-nucleon coupling are identical. While the result of the old LET was essentially equivalent to the result of pseudovector coupling at threshold, the value of the multipole at the pole position corresponds to pseudoscalar coupling. As a result the Born term to be used in dispersion theory is E 0 + (pole) = −7.6 · 10 −3 /m π , and thus the dispersion integrals over the excited states have to cancel about 80 % of the pole term in order to describe the data.
In Ref. [10] , the coupled-integral equations were solved using the method of Omnès and
Mushkashevili [11] . On the condition that the complex phases of the multipoles are known and with given assumptions for their high-energy behavior, this method allows one to find unique solutions. In practice, however, the phases are known only in the energy region below the two-pion threshold due to the Watson theorem [12] . Extending these calculations to energies above the second resonance region, which coincides with the onset of two-pion production, requires modeling the phases by functions which depend on the pion-nucleon phase shifts and inelasticity parameters. The ansatz for the functional dependence is based on unitarity but by no means unique, and in principle has to be determined by a fit to the data. It is therefore the aim of the present work to extend the energy range of the dispersion analysis by use of the Unitary Isobar Model [13] (called MAID in the following) as an input for the imaginary parts of the multipole amplitudes. At the same time, we want to compare the results obtained by use of MAID with those with the SAID multipoles [14] . This allows us to present a qualitative "error band" for the dispersion analysis, which often has been asked for.
Our paper is organized as follows. In Section II, we briefly recall the ingredients of dispersion relations at fixed t. The actual calculations are described in Section III. In particular, we extend the energy range of the MAID model by including the contributions from all S−, P −, D−, and F −wave resonances with four-star PDG status. As a particularly sensitive test of the extended model, we present predictions of our calculation for threshold production of neutral pions in Section IV.
II. DISPERSION RELATIONS FOR PION ELECTROPRODUCTION
In the present work, we will use fixed-t dispersion relations (DR) to construct the pion electroproduction multipoles (or partial waves) M,
where α and β are the set of quantum numbers, W is the total c.m. energy of the πN system, and The detailed expressions for the kernels and the numerical recipes for their numerical computation are given in Ref. [15] . In accordance with this work, the relations be- 
with E 1(2) = E 1(2) + m, where E 1(2) denotes the nucleon c.m. energy in the initial (final) state, q =| q | and k =| k | the absolute values of the c.m. pion and photon momenta, respectively, and l the pion orbital momentum.
While the fixed-t DR in the form of Eq. (1) are uniquely defined, the separation into the principal value and regular integral contributions is not unique and depends on the choice of the kinematical factors in Eq. (2). Other kinematical factors, i.e., as used in Refs. [17, 18, 10] , will change the relative contributions of these two integrals and the expressions for the kernels. For example, if we introduce a new set of multipoles via the relation M ′ α (W ) = M α (W )/f α (W ) with a certain factor f α (W ), we find the following relation between the new and old kernels:
The different expressions for the kernels given in the literature can be easily checked and compared by use of these relations. For example, we found that at Q 2 = 0, the kernels from
Ref. [15] and Ref. [17] lead to the same result.
For future analysis, it is convenient to rewrite the DR of Eq. (1) in terms of the CGLN
where
The kinematical factor r α (W ) is determined by Eq. (2) with the relation
One of the advantages of such a representation is that each term in Eq. (4) is individually independent of the choice for the kinematical factor r α . This statement can be easily proved by use of Eq. (3).
III. CALCULATIONS OF THE DISPERSION INTEGRALS
One of the methods widely used to calculate the dispersion integrals in Eq. (1) or Eqs. (4)- (5) is based on the Watson theorem [12] , stating that the phase of pion photo-and electroproduction is equal to the phase shift of pion-nucleon scattering, δ α (W ), below the two-pion threshold. Below this threshold, we can therefore use the following relation between the real and imaginary parts of the amplitude:
If we further make an assumption about the high-energy behavior of the multipole phases, we obtain a system of coupled integral equations for ReM α (W ). This is the standard method to apply fixed-t dispersion relations to pion photoproduction at threshold and in the ∆(1232) resonance region, which was successfully used by many authors [10, [17] [18] [19] . The reliability of this method at low energies (W < 1400 MeV) is mainly based on the finding that Eq. (6) can be applied to the important P 33 multipole, dominated by the ∆(1232) resonance contribution, with good accuracy up to W = 1600 MeV.
Another method to calculate the dispersion integrals is based on isobaric models [20] [21] [22] [23] which allow extending the use of fixed-t DR to higher energies. With this approach, the imaginary parts of the pion photo-and electroproduction multipoles are expressed in terms of background (M B ) and resonance (M R ) contributions,
In the present work, both parts will be modeled similar to the recently developed Unitary Isobar Model [13] MAID. The imaginary parts from the background appear due to final-state interaction effects for the pions produced by nonresonant mechanisms and contain contributions from both the Born terms (V
Born α
) with an energy-dependent mixing of pseudovector-pseudoscalar (PV-PS) πNN coupling and t-channel vector-meson exchanges
where the pion-nucleon scattering amplitude
is given in terms of the πN phase shifts δ α and the inelasticity parameters η α , taken from the analysis of the SAID group [24] . In accordance with Ref. [13] the background contribution depends on 5 parameters: The PV-PS mixing parameter Λ m in V Born (see Eq. (12) of Ref. [13] ) and 4 coupling constants in V ω,ρ . Note that in our present work, we do not include hadronic form factors at the ωNN and ρNN vertices.
Following Ref. [13] the resonance contributions are given in terms of Breit-Wigner amplitudes,
where f πR is the usual Breit-Wigner factor describing the decay of a resonance R with total width Γ R (W ) and physical mass M R . The main parameters in the resonance contributions are the strengths of the electromagnetic transitions described by the reduced amplitudes Alternatively, we calculate the dispersion integrals using the solution SM02 of the SAID multipole analysis [14] (see Table 1 ). Concerning the integration up to infinity, we assume that the multipoles have an asymptotic behavior like 1/W for W ≥ 2300 MeV. This is the minimal power providing convergence for the GDH sum rules [27] . In the threshold region, we introduce the pion mass difference by assuming that the imaginary part of the E 0+ multipoles is proportional to the π + momentum below W = 1090 MeV. This assumption is based on the fact that near threshold the main contribution to the imaginary part comes from the coupling with the π + n channel [9] .
IV. RESULTS AND DISCUSSIONS
A. π 0 photoproduction at threshold
The threshold region has traditionally posed a problem to the analysis of π 0 photoproduction within a dispersion-relation approach [17] . This is due mainly to considerable cancellations in the dispersion integrals of Eqs. (4) and (5) . As shown in Ref. [10] , by solving the integral equations using the Watson theorem, the real part of the E 0+ (π 0 p) threshold multipole obtains surprisingly large contributions from the imaginary parts of higher multipoles which peak at much larger energies. As a result, the high-energy region provides sufficiently large contributions to nearly cancel the nucleon pole term with pseudoscalar 
where the contributions on the right-hand side are presented, in accordance with Eq. (4), in the following order: the pole term, the diagonal E 0+ , the kernel terms M 1+ , M 1− , E 1+ , and the combined kernel contributions of the higher D-and F -wave multipoles. According to Eq. (5), the diagonal E 0+ contribution can be further divided into the principal-value integral and the regular integral, which contribute 1.23 + 1.61 using MAID and 1.31 + 1.52 using SAID solutions. As discussed above, this sum does not depend on the choice for the kinematical factor r α (W ). The individual contributions from the coupling to the D-and F -wave multipoles are presented in Table 2 . Taken separately, they are not negligible, but in the sum they nearly cancel and lead to a total value very close to the extracted value of Ref. [28] , E thr 0+ (pπ 0 ) = −1.33 ± 0.11. threshold. In the MAID solution (dash-dotted curve), the cusp effect is the result of the strong coupling to the π + channel taken into account by the K-matrix approximation [9] .
The SAID solution does not include this effect.
Finally, Table 3 summarizes our results for the threshold S-and P -wave multipoles and compares them to the results of the recent experimental analysis of Ref. [28] . For the Pwave multipoles we list the values of the following linear combinations,
In general, the DR results are consistent with the corresponding MAID or SAID solutions and in good agreement with the results of ChPT and the experimental values of Ref. [28] . A large discrepancy remains for the P 3 amplitude, where the theoretical predictions with and without the use of DR are considerably smaller than the experimental value. This may hint at problems in the description of the M 1− multipole which appears more pronounced in P 3 than in P 1 and P 2 .
B. π 0 electroproduction at threshold Dispersion relations for pion electroproduction are more involved due to the more complicated structure of the kernels K αβ (W, W ′ , Q 2 ). In addition, the transverse multipoles of the virtual photons are also coupled with the longitudinal ones via the kernels. Moreover, we have very limited information about the longitudinal (Coulomb) resonance excitations at finite Q 2 . In the following, we present first calculations for threshold π 0 electroproduction using dispersion relations with the dispersion integrals determined by the MAID model.
The longitudinal excitation of the ∆(1232) and P 11 (1440) resonances are described as shown in Ref. [13] . For the other resonances we assume the validity of the pseudothreshold rela- 
The terms on the right-hand side correspond, in that order, to the contributions of the pole term, the diagonal term, the coupling to the M 1+ , and the coupling to the higher multipoles.
As in the case of real photons, we find that the largest contributions come from the diagonal term and the M 1+ multipole, which nearly cancel the large contribution of the pole term.
The threshold behavior of the E 0+ and L 0+ multipoles at Q 2 = 0.1 (GeV/c) 2 is shown in Fig. 2 . We point out the much smaller cusp effect in the L 0+ , compared to the E 0+ multipole, due to the smaller imaginary part of the L 0+ . The fixed-t DR results are in a good agreement with the results of the analysis of Ref. [32] . On the other hand, the real parts of the E 0+ and L 0+ multipoles obtained from the MAID solution, are closer to the results of Refs. [9, 33] . However, as discussed in Refs. [9] and [31] , the extracted results for the S waves at finite Q 2 strongly depend on the assumptions used for the P -wave contributions. This is especially true for the E 0+ multipole. For example, at Q 2 = 0.1 (GeV/c) 2 the differences in the P waves used by various groups lead to quite different threshold values for the E 0+ , namely 1.96 ± 0.33 [32] , 2.28 ± 0.36 [9] , and 0.58 ± 0.18 [31] . Clearly, these differences in the analysis techniques must be resolved before a comparison with theoretical predictions can be meaningful. Note that we find significant dispersion corrections for both multipoles at finite Q 2 . Fig. 3 shows the Q 2 dependence for several S-wave multipoles and P -wave multipole combinations and compares our results with the results of the analyses of Refs. [31, 32] .
A number of interesting features emerge. In general, the DR results for the transverse multipoles are consistent with the corresponding MAID solution. For the L 0+ multipole, and the longitudinal P-wave combinations P 4 and P 5 , strong dispersion corrections appear at low Q 2 . Our dispersion results are in agreement with the results from ChPT below Q 2 < 0.05GeV 2 in the case of the E 0+ multipole and the P 1 combination but differ significantly for the L 0+ multipole, and the P
amplitudes. This may reflect the fact that some of the ChPT low-energy constants where fitted to electroproduction threshold data while the MAID solutions are constrained by data in the resonance sector. Just as in Fig.2 , the experimental points shown have to be understood in the context of model-dependent analyses techniques.
Finally, we present in Fig. 4 predictions for the quantity ∆P threshold data, by using the dispersion relations we employ models that are fitted to data in the resonance region, where more data is available.
For pion photoproduction we obtain very good agreement with the threshold multipoles obtained from experimental analyses. Both the cusp effect and pion-loop effects are well described and the differences between the MAID and SAID inputs play only a minor role.
In fact, it rather reveals the systematic uncertainty in such a dispersion approach. We also find good agreement with the results of ChPT for for s-and p-waves, except for the quantity P Fig. 3 . The data point at Q 2 = 0 is the result of the analysis from
Ref. [28] .
